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ABSTRACT. The scattering of AO waves from blind holes and added masses when plane SO waves are 
incident was investigated. Predictions from an approximate theoretical model and experimental results 
were found to be in good agreement at low frequency thickness products. The presented technique has 
the advantage of being most sensitive to the mode converted scattered AO field while it hardly picks up 
any of the incident wave mode. This method has potential applications in plate wave diffraction 
tomography where the wave field of the scattered flexural wave has to be accurately determined in order 
to reconstruct an image of damage such as corrosion thinning or laminar disbonds. 
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INTRODUCTION 
Recently ultrasonic guided wave techniques for the rapid screening of large areas have 
been of considerable interest in non-destructive testing. Scattering and mode conversion at 
damage locations are the fundamental physical effects used in the detection and 
characterization of structural defects or material inhomogeneities. To date theoretical 
models for flexural wave scattering at cylindrical defects in plates have been presented [1] 
and experimental studies at through holes have been carried out [2]. These studies send and 
receive the same mode and hence have difficulties to isolate the scattered field without the 
need of a background subtraction of the incident field. Background subtraction techniques 
have the potential of introducing measurement errors mainly because of the variability in 
transducer output and changes in environmental conditions [3]. 
This paper reports on an investigation into the mode conversion of guided ultrasonic 
waves by non-symmetric cylindrical defects. One of the motivations is the possible 
application of the technique for plate-wave diffraction tomography, which relies on the 
accurate measurement of the scattered field. This may be achieved through illumination of 
the defect by a, to the detector invisible, wave mode that mode converts to a wave mode of 
detectable polarization (mode conversion from SO to AO in this case). Mode conversion 
occurs at non-symmetric defects, which are the most likely type of defect to be encountered 
in practice and can be used as sensitive damage indicator [4]. 
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Here an approximate theoretical model and the corresponding experimental results are 
presented for guided wave scattering at added masses, the experimental setup frequently 
used to validate damage characterization methodologies in structural health monitoring 
applications. 
SCATTER MODEL 
Grahn [5] has previously modeled the guided wave scattering and mode conversion at a 
part thickness hole in an isotropic plate. He presented a model based on the exact 3D 
elasto-dynamic equations and a model based on approximate plate wave theories (Poisson 
and Kirchhoff, see references [6] and [7] respectively). Because of the complexity of the 
3D model, which needs substantially more complex numerical routines, the simpler model 
based on Poisson and Kirchhoff theory was used here. Grahn's model for part thickness 
holes is extended to model defects that consist of added material. 
The main assumption that was employed to model the added cylindrical mass is the 
representation of the defect region consisting of the plate material of thickness 2h and the 
perfectly attached added material of thickness 2(b-h) as a region of homogenous material 
of thickness 2b and with material properties Ec, pc and vc. A law of mixtures is used to 
calculated these composite material properties: 
= hE1 + (b-h)E2 _hPl+(b-h)p2 anA ^ = hv1 + (b-h)v2 (1) 
b b b 
By means of the approximate wave theories wave fields can be expressed in the plate 
and defect regions in form of Hankel/Bessel function series expansions and the scattered 
and transmitted wave fields can be solved for using continuity and equilibrium conditions. 
Figure 1 illustrates the homogemzation of the defect region. The homogemzation approach 
was tested against the exact solution for a layered composite plate. The DISPERSE 
software [8] was used to verify that the predicted phase velocity for the SO, SH and AO 
modes using the homogenized region was less than 3% in error compared to the two layer 
model. 
Poisson Theory 
Poisson theory models the wave propagation of the fundamental compressional (SO) and 
shear horizontal (SH) guided wave modes only. The wave velocities of both modes are 
non-dispersive and defined by 
In the above cp, CT, kp and ki are the wave velocities and wavenumbers of the SO and SH 
modes respectively, co is the angular frequency, E the modulus, p the density and v 
Poisson's ratio of the material. 
In Poisson theory the wave fields are described by two independent potentials 4>(r,9) and 
\|/(r,8) so that the displacements in cylindrical coordinates are found by the expressions 
dip 1 dw 1 d<f> dxy (3) 
ur= — + —, u0= • 
dr r dO r d0 dr 
It is further made use of the representation of the potentials in form of Hankel or Bessel 
function series expansions to represent an arbitrary potential function in a cylindrical 
coordinate system: 
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E2,p2,v2 
E L P L V , 
E L P L V ! 
Using law of mixtures 
for Ec, pc, vc 
hEl+{b-h)E2 E = Ec,pc,vc 
H u 
FIGURE 1. Illustration of the homogenization of the defect region using a law of mixtures for the composite 
material properties. 
f{r,e) = h"YJ ajim{khpr)eme , y>(r,0) = h £ bmHm(khTr)eim0 and 
f(r,0) = hYi emJm(kbpr)e""s, W<(r,e)=h"fJ fJJkbTr)e""0 • 
(4) 
(5) 
where the signs >, < stand for the outwardly (r>a) and inwardly (r<a) radiating potentials, 
respectively. 
The use of Hankel (Hm) functions of the first kind or Bessel (Jm) functions is required in 
the described areas in order to correctly represent the wave fields and avoid singularities. 
The circumferential order is represented by the symbol m; am, bm, em and fm are arbitrary 
coefficients which can describe any kind of field and h is half the plate thickness (this 
constant enters the formulae to make the series expansion coefficients of the Poisson and 
Kirchhoff theories of the same dimension). The different superscripts h and b indicate the 
difference in material properties and thickness in the plate and defect areas. 
For an incident plane SO wave the coefficients am and bm are known so that the 
incoming potential is described by: 
°(r = a,0) = h £ imJm(khpa)eime , ^nc(r = a,0) = O. (6) 
The incoming displacement fields follow from equations (3). Two other field 
components are later needed for the boundary conditions. These are the in-plane forces. 
Using the material constitutive equations and the plane stress approximation these can be 
found from the radial and angular stress components cy^  and <rre of the wave fields (see 
Grahn [5]): 
N„„ = 2h E 
l-v2 
n 
(Nrr,NJ=j(arr,arg)dz, 
a y | r i a ( » | i ay] E 
dr2 \rdr r2 dO2 1 + v 
1 d2\f/ \ d\f/ 
r drdO r2 d6 
N„a=2h 
E 
1 + u 
Kirchhoff Theory 
1 d2<j> J_5^ 
r drdO r2 dO 
E 
2(l
 + o) 
d2\// i dy/ i a y 
r dr r2 802 
(7) 
(8) 
(9) 
Kirchhoff or classical plate theory is the simplest approximate model for the 
fundamental flexural AO mode. A simple dispersion relation describes the wave velocity 
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c - ^ - f ^ l f where *; Jj*?*. a n d D = ™ * . (W) 
F
 k„ \2ph) D 12( l -v 2 ) 
This expression is a good approximation at low frequency thickness products. 
The described flexural wave only consists of an out-of-plane displacement field, the in-
plane displacements being dependent on the slope of the latter 
»z(r,9) = W, ur{r,8) = - Z ^ , ue(r,e) = -Z-^-. ^ 
dr r ou 
where z is the out-of-plane coordinate measured from the centre line of the plate. As shown 
by Grahn [5] the out-of-plane displacement, being the only independent field variable, can 
also be represented in form of Hankel and Bessel function series expansions. 
m=» m=» (12) 
uz'(r,0) = w = w1+w2= £ cmHm{khFr)e,mS + £ dmKm{khFr)e,mS , 
m=-co m=-co 
m=co m=co 
„z<(r,0) = w = wl+w1=Yi gjm(firy?* + X KIm(fir^T (13) 
m=-co m=-co 
where Hm is a Hankel function, Km a modified Bessel function of the second kind, Jm is a 
Bessel function of the first kind and Im a modified Bessel function of the first kind. The 
need for two different types of expansions arises because of the validity of both positive 
and negative wavenumbers kp, the radiation direction and considerations of the 
boundedness of each function. 
For the flexural waves overall in-plane forces do not exist, however the bending 
moment Mr and an entity called the Kirchhoff generalized stress Vr become important 
M„ = -D 
d2w [ 1 dw 1 d2w (14) 
r dd dr 
(v»w)-z?(i-u)4-Af^2L_I^\ 
v ; v
 V de\drde rde) 
where Qr is the radial shear force. 
Boundary Conditions 
The boundary conditions allow the determination of the unknown coefficients (am..hm) 
of the scattered field. Due to the orthogonality of the problem a solution at each 
circumferential order is possible. Therefore, 8 boundary conditions are needed to yield a set 
of linear equations that can be solved for the scattered fields. Some of the fields described 
by Poisson and Kirchhoff theory are coupled (in-plane displacements, moments and the 
Kirchhoff generalized stress) and others are not (out-of-plane displacements, in-plane 
forces). 
Continuity of all field variables is used to formulate the boundary conditions. This 
results in a formulation which says that the sum of the incident and scattered fields equals 
the transmitted fields at the rim of the cylindrical defect, i.e. 
F'nc + Fscat = F'ram at r = a. (16) 
The coupling of the in-plane displacements and the moments at an added cylindrical 
mass defect is illustrated in Figure2. The field quantities are evaluated on a continuous line 
along the plate and defect region, in this case the center line (z=0) of the plate. For the sake 
of brevity only the case of a cylindrical additional mass is considered here. Readers 
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Uf-Sz 
U»" 
dr 
{/? 
My 
N< 
N>r 
v
 *M< 
8 z = -(h-b) g ^ » .(I,.,,) 
a) in-plane displacements b) moments 
FIGURE 2. Coupling of in-plane displacements (a) and moments (b) at the circular added mass defect. 
interested in the solution for a part thickness hole are referred to the paper by Grahn [5]. 
For the added mass case the following 8 equations are found: 
-Sz 
dr 
-Sz 1 dw'' 
u, -«. = 0, 
dur> dur 
v: -v, 
_j__5_ 
rd0 
r d6 
= 0, 
-N™ 
(SZN;B) = o, M ; - M ; - szN;r = o 
dr dr 
-N~, N^-N;,-
(17) 
(18) 
(19) 
(20) 
When the wave function series expansions are substituted into equations (17)-(20) the 
set of 8 linear equations can be rewritten in matrix form as follows: 
'JCn 
I2l 
0 
0 
*51 
^ 6 1 
0 
0 
« 1 2 
(x22 
0 
0 
« 5 2 
« 6 2 
0 
0 
0 
0 
(x33 
a„ 
0 
0 
« 7 3 
a„, 
0 
0 
« 3 4 
« 4 4 
0 
0 
« 7 4 
a„, 
« 1 5 
« 2 5 
0 
0 
a55 
« 6 5 
« 7 5 
a„, 
« 1 6 
« 2 6 
0 
0 
« 5 6 
« 6 6 
« 7 6 
a„r 
« 1 
« 2 
« 3 
«4 
0 
0 
« 7 
a„ 
* 1 8 
^ 2 8 
^38 
^ 4 8 
0 
0 
^78 
^88 
am 
bm 
cm 
dm 
em 
L 
Sm 
K 
= 
A 
A 
0 
0 
A 
0 
0 
(21) 
where the 8 by 8 matrix on the left contains the known terms of the Hankel/Bessel function 
expansion series, the middle vector contains the unknown coefficients and the vector on the 
right hand side contains the wave function expansion terms for the incoming plane SO 
wave. Because of lack of space here the reader is referred to Grahn [5] for a full listing of 
the otij and P; terms. Only the terms that are not presented in Grahn's paper are listed 
below: 
l--\(kba)jm(kba),au 
-im\ 1 
h 
J
„{k2a)' -im\ 1 
(k2a)im(kba), 
I^a), 
(22) 
(23) 
It should further be pointed out that the terms otij for i, j=5-8, 5-8 should be multiplied 
by the factor Eratlo and if they contain the symbol a this should be replaced by a c where 
(i+n) 
( i + n ) £ i 
and 
l - v „ 
(24) 
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This is to correct for the different material properties that exist in the defect region. 
Grahn did not have to introduce these factors since a blind hole defect does not have 
different material properties in the hole region. 
Once the unknowns are determined from equation (21) by Gaussian elimination. The 
scattered field can be calculated. Again the approach by Grahn was followed and the far 
field amplitudes were defined as 
U;ez{6) = \urgz{rfi\47ih as r -> oo (25) 
EXPERIMENTS 
Setup 
The equipment used to test the model consisted of a 1.2mm thick aluminium plate 
(length 1.2m, width lm, E=70.7 GPa, p=2700 kg/m , v=0.33, experimentally verified). A 
piezo electric transducer (length 12mm, width 3mm, thickness 2mm, PZT27 Ferroperm) 
was bonded to the cross section of the plate with superglue in order to excite the 
fundamental SO plate mode. 
The signal was generated by a computer controlled arbitrary waveform generator 
(Stanford instruments Inc.) which outputs a 10 V peak to peak, 5 cycle Harming windowed 
toneburst at the desired center frequency. Amplification of the excitation signal by a factor 
of 10-50 was then achieved by use of a high power amplifier (Krohn Hite model 7500). 
The output of the amplifier was connected across the electrodes of the piezo crystal. 
Defects were introduced to the plate at about 700mm from the transducer location. 
Defects consisted of brass like masses (E=65.5 GPa, p=6936 kg/m , v=0.3, experimentally 
verified) of radius 4.5mm and thicknesses 1, 1.5, 2, 3, 4 and 5mm. Blind holes of radius 
5mm and 0.4, 0.6, 0.8 and 1mm depths were also introduced. 
A laser vibrometer (OFV 303/OFV 3001, Polytech GmbH) was used to measure the 
out-of-plane displacements at points on a radius of 100mm around the center of the defects, 
i.e. several wavelengths from the defect to minimize the influence of evanescent wave 
modes on the measurement. The laserhead was positioned by a computer controlled 
positioning system (Newport ESP 300) and routinely scanned along the radius from 0° to 
180° in 15° steps. Since the field is expected to be symmetric only one half was scanned. 
The detected out-of-plane displacement time trace from the laser vibrometer was fed 
into a PC via a digital acquisition card (NI PCI 6251) and was stored. The setup is shown 
in Figure 3. Figure 4 shows a typical set of timetraces recorded by the system before and 
after a defect was introduced. The signals show that the incident SO wave, which is 
expected to arrive at approximately 0.2ms, is not visible for the laser vibrometer but a 
clear, directionally dependent S0-A0 mode converted wave pulse is observed in the case of 
the 'damaged' plate. 
To obtain a polar directivity plot of the scattered A0 wave field the S0-A0 mode 
converted signal was gated. Then the maximum absolute amplitude was determined in the 
time domain. The maximum values within each gated timetrace were then plotted against 
the position angle to obtain the directivity plot that could be compared to the model results. 
Each plot was normalized to the maximum amplitude value within itself. 
Results and Discussion 
Figure 5 shows the measured and predicted directivity of an A0 wave scattered by a 
3mm thick Brass mass (r=4.5mm) from an incident plane SO wave at different frequencies. 
Good agreement between theory and experiment was obtained. In order to condense all the 
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information collected from the 6 different masses at 3 different frequencies it was decided 
to plot the back to forward scatter ratio against the mass thickness for different frequencies. 
This allows the display of all the measurements in one graph Figure 6. 
Aluminium plate 
Amplifier 
FIGURE 3. Schematic of the experimental setup that was used to collect scatter data. 
SO-AO plate edge 
FIGURE 4. Timetrace set received from a plate without defect (a) and with a 3mm thick Brass mass of 
radius 4.5mm (b). Arrivals of the mode converted AO wave from the incident SO wave are clearly visible. 
30 kHz 50 kHz 70 kHz 
FIGURE 5. Normalized directivity plot for the far field of the scattered AO wave from a 3mm thick Brass 
mass (r=4.5mm) as predicted by the model (—) and experimentally measured (o). 
Bonded mass thickenss (mm) 
FIGURE 6. Back scatter to forward scatter ratio predicted (lines) and measured (symbols) for different 
added mass thicknesses and frequencies. 
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0.4mm 0.6mm 0.8mm 1.0mm 
FIGURE 7. Normalized far field directivity plots of the AO scattered wave from a part thickness hole of 
radius 5mm and indicated depth in a 1.2mm Al plate. Prediction (—) and Measurement (o) at 70 kHz. 
For the blind hole defects a neat summary as in Figure 6 is not possible, because all the 
curves overlap in this case. Therefore the evolution of the scatter pattern with defect depth 
at one frequency only is shown, Figure 7. Again there is very good agreement between 
model and experiment and only in the case of the 0.6mm deep blind hole, which shows 
very small A0 scatter amplitudes and a complex directivity pattern in the backscatter 
region, do the experimental results substantially differ from the theoretical prediction. 
CONCLUSION 
The main outcome of this work is that the mode conversion of the fundamental SO mode 
to the A0 mode at a hole or added mass defect can be predicted at low frequency thickness 
products using the coupling of the Poisson and Kirchhoff theories as described in this 
paper. Model results matched experimental results well. Furthermore it has been shown 
that the mode converted scatter field can directly be measured. Hence the method has the 
potential to improve the data acquisition for plate-wave diffraction tomography 
applications by avoiding the need for a background subtraction of the incident field. 
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